Abstract -A subgroup H of a finite group G is said to be W -S-permutable in G if there is a subgroup K of G such that G = HK and H ∩ K is a nearly S-permutable subgroup of G. In this article, we analyse the structure of a finite group G by using the properties of W -S-permutable subgroups and obtain some new characterizations of finite p-nilpotent groups and finite supersolvable groups. Some known results are generalized.
Introduction
All groups considered in this paper are finite. Recall that two subgroups A and B of a group G are said to permute if AB = BA, i.e. AB is a subgroup of G. A subgroup H of G is called π-quasinormal in G if H permutes with every Sylow p-subgroup of G for all p ∈ π, where π is a set of primes [11] . A subgroup T of G is said to be S-permutable (S-quasinormal) in G if T is π(G)-quasinormal in G, where π(G) denote a set of primes dividing |G|. The relationship between the structure of a group G and its S-permutable subgroups has been extensively studied by many authors (for example, see [4] , [5] , [12] , [17] ). On the other hand, a subgroup H of a group G is C-supplemented in G if there exists a subgroup K of G such that G = HK and H ∩ K ≤ H G , where H G is the core of H in G [6] . A subgroup H of a group G is said to be weakly S-permutable in G if there is a subnormal subgroup T of G such that G = HT and H ∩ T ≤ H sG , where H sG is the subgroup of H generated by all those subgroups of H which are S-permutable in G [14] . Recently, Khaled A. Al-Sharo introduced the concept of nearly S-permutable subgroups and obtained many interesting results [1] . A subgroup H of a group G is said to be nearly Spermutable in G if the normalizer N K (H) contains some Sylow p-subgroup of K for every subgroup K of G containing H and for every prime p with (p,|H|)= 1. As inspired by the above research, it is good for us to give the following definition: Definition 1.1. A subgroup H of a group G is said to be W -S-permutable in G if there is a subgroup K of G such that G = HK and H ∩ K is a nearly S-permutable subgroup of G. Remark 1.2. It is clear that C-supplemented subgroups and nearly S-permutable subgroups are W -S-permutable subgroups. However, the converses do not hold in general, for example:
(1) Let G = S 4 , the symmetric group of degree 4. Take H = (12) . Then it is easy to see H is W -S-permutable in G. But H is not nearly S-permutable in G since N S3 ( (12) ) does not contain any Sylow 3-subgroup of S 3 .
(2) Let P = x, y|x 16 = y 4 = 1, x y = x 3 . Then it is clear that Φ(P )= x 2 × y 2 and y 2 is S-permutable in G, and so y 2 is W -S-permutable in G. But y 2 is not C-supplemented in G.
In the present paper, we first give some properties of W -S-permutable subgroups, and then we try to investigate the structure of groups. In fact, some new conditions for a group to be p-nilpotent or supersolvable are given by using the assumption that some kinds of subgroups of prime power order are W -S-permutable, and many known results are generalized.
Preliminaries
In this section we will list some basic or known results which are useful for us in the paper.
First we recall that a class F of groups is a formation if G ∈ F and N ¢ G, then G/N ∈ F, and if G/N i ∈ F, i = 1, 2, then G/N 1 ∩ N 2 ∈ F. Furthermore, a formation F is said to be a saturated formation if G/Φ(G) ∈ F implies G ∈ F, where Φ(G) is the Frattini subgroup of G. In this paper, U denotes the class of all supersolvable groups. It is well-known that U is a saturated formation.
Lemma 2.1 (Lemma 2.2, [1] ). Let H be a nearly S-permutable subgroup of a group G and N a normal subgroup of G. Then
(1) HN is nearly S-permutable in G; (2) If H is a group of prime power order, then H ∩ N is nearly S-permutable in G;
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Lemma 2.2. Suppose that V is a W -S-permutable subgroup of a group G and N is a normal subgroup of G.
Proof. By the hypotheses, there is a subgroup T of G such that G = T V and T ∩ V is a nearly S-permutable subgroup of G. It follows from that
Hence, V is W -S-permutable in K and (1) is true.
Also we have (2) is true.
It is clear that (3) is true. Lemma 2.3. Suppose that G is a group which is not p-nilpotent but whose proper subgroups are all p-nilpotent for some prime p. Then (1) G has a normal Sylow p-subgroup P and G = P Q, where Q is non-normal cyclic Sylow q-subgroup for some prime q = p;
(2) the exponent of P is 2 or 4 if p = 2; the exponent of P is p if p = 2; (3) P/Φ(P ) is a minimal normal subgroup of G/Φ(P ); (4) Φ(P ) = Z ∞ (G) ∩ P .
Proof. For Lemma 2.4 (A, 1.2, [7] ). Let T , V and W are subgroups of a group G. Then the following are equivalent:
Lemma 2.5 (Lemma 2.6, [13] ). Let G be a group. Assume that N is a normal subgroup of G (N = 1) and N ∩ Φ(G) = 1, then the Fitting subgroup F (N ) of N is the direct product of minimal normal subgroups of G which are contained in F (N ). Lemma 2.6 (Corollary 2, [2] ). Let P be a Sylow 2-subgroup of a group G. If P has no section isomorphic to Q 8 and Ω 1 (P ) ≤ Z(G), then G is 2-nilpotent, where Q 8 is the quaternion group of order 8.
Lemma 2.7 (Theorem A, [9] ). Suppose that a group G has a Hall π-subgroup, where π is a set of primes not containing 2. Then all Hall π-subgroups of G are conjugate.
Lemma 2.8 (Lemma 2.16, [14] ). Let F be a saturated formation containing U , let G be a group with a normal subgroup H such that G/H ∈ F. If H is cyclic, then G ∈ F.
Lemma 2.9 (Lemma 2.8, [16] ). Let M be a maximal subgroup of a group G and P be a normal p-subgroup of G such that G = P M , where p is a prime. Then P ∩ M is normal in G.
Lemma 2.10 (Theorem 3.1, [16] ). Let F be a saturated formation containing U and G a group with a solvable normal subgroup
Lemma 2.11. Let p be the smallest prime divisor of the order of a group G. If G has no section isomorphic to Q 8 and every subgroup of G with order p is
Proof. Suppose that the result is false and let G be a counterexample of minimal order. By Lemma 2.2 (1), it is easy to see that G is a minimal non-pnilpotent group. By Lemma 2.3, G has a normal Sylow p-subgroup G p such that
The choice of G implies that K is p-nilpotent and therefore G is p-nilpotent, a contradiction. The proof of the lemma is complete.
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Main Results
Theorem 3.1. Let P be a Sylow p-group of a group G, where p is the smallest prime divisor of the order of G. If every cyclic subgroup H of P with prime order or order 4 (P is non-abelian 2-group and H Z ∞ (G)) either is W -S-permutable or has a supersolvable supplement in G, then G is p-nilpotent.
In view of the hypotheses and Burnside's Theorem [10 
Since p is the smallest prime divisor of |K|, K is p-nilpotent and so L is p-nilpotent, a contradiction. The proof is complete.
Remark 3.2. In theorem 3.1, the hypotheses that subgroups of order 4 are W -S-permutable in G if P is non-abelian 2-group and H Z ∞ (G) could not be removed. For example, let G = L α , where L = Q 8 is a quaternion group and α is an automorphism of L with order 3. Then G has a unique minimal normal subgroup H of order 2. Evidently, H is W -S-permutable in G. But G is non-p-nilpotent. Theorem 3.3. Let P be a Sylow p-group of a group G, where p is the smallest prime divisor of the order of G. If every maximal subgroup of P is W -S-permutable in G, then G is p-nilpotent.
Proof. Suppose that theorem is false and let G be a counterexample of minimal order. Then (1) G has a unique minimal normal subgroup 1 = N such that G/N is p-nilpotent. Moreover, Φ(G) = 1.
Let 1 = N be a minimal normal subgroup of G. Consider the factor group G/N . If P ⊆ N , then it is obvious that G/N is p-nilpotent. Suppose that P N . Let L/N be a maximal subgroup of P N/N . Then there exists a maximal subgroup P 1 of P such that L = N P 1 . By the hypotheses, G has a subgroup T such that G = T P 1 and P 1 ∩ T is nearly S-permutable in G. We have
It follows from Lemma 2.1(3) that (T N/N ) ∩ (P 1 N/N ) = (P 1 ∩ T )N/N is nearly S-permutable in G/N . Therefore, the theorem is true for G/N . The minimality of G implies that G/N is p -nilpotent. Since the class of all p-nilpotent groups is a saturated formation, we may assume that N is the unique minimal normal subgroup of G and Φ(G) = 1.
(
Pick some maximal subgroup P 1 of P such that P ∩ M ≤ P 1 . Then P = N P 1 . By the hypotheses, there exists a subgroup T of G such that G = T P 1 and P 1 ∩ T is nearly S-permutable in G. Suppose that P 1 ∩ T = 1. According to the nearly S-permutability of P 1 ∩T and the minimality of N , we have
..., s. Thus P = P 1 N = P 1 , a contradiction. Hence P 1 ∩ T = 1. This shows that the Sylow p-subgroup of T is cyclic. By Burnside's Theorem [10, IV, Satz 2.6], T is p-nilpotent. Let T p be the normal complement of T . Then G = P 1 T = P 1 N G (T p ). By (1), M G/N is p-nilpotent. Let M p be the normal complement of M . By (2) and the maximality of M , N G (M p ) = M . By Lemma 2.7, there exists an element x ∈ P 1 such that T
, a contradiction and so (3) holds.
The final contradiction. Let P 1 be a maximal subgroup of P . By the hypotheses, there exists a subgroup T of G such that G = T P 1 and P 1 ∩ T is nearly S-permutable in G. By (3), (P 1 ∩ T ) G = (P 1 ∩ T ) Q1,Q2,....,Qs P = (P 1 ∩ T ) P = 1 , where Q i is some Sylow q i -subgroup of G contained in N G (P 1 ∩ T ) and p = q i , i = 1, 2, ...., s. So P 1 ∩ T = 1. This implies that the Sylow p-subgroup of T is cyclic. By Burnside's Theorem [10, IV,Satz 2.6], T is p-nilpotent. Let T p be the normal complement of T . Then G = P 1 T = P 1 N G (T p ). In view of (2), P ∩ N G (T p ) is a proper subgroup of P . Consequently, there exists another maximal subgroup P 2 of P such that P ∩ N G (T p ) ≤ P 2 . By the hypotheses, there exists a subgroup H of G such thatG = HP 2 and P 2 ∩ H is nearly S-permutable in G. By the above proof, we can get P 2 ∩ H = 1 and H is p-nilpotent. Let H p be the normal p-complement
Remark 3.4. In Theorem 3.3, the assumption that p is the smallest prime divisor of the order of a group G is essential, for example, let G = a, b|a
Clearly, every maximal subgroup of Sylow 3-subgroup of G is W -S-permutable in G. But G is not 3-nilpotent.
Corollary 3.5. Let p be the smallest prime factor of the order of a group G and N a normal subgroup of G such that G/N is p-nilpotent. If N has a Sylow p-subgroup P such that every maximal subgroup of P is W -S-permutable in G, then G is p-nilpotent.
Proof. By Theorem 3.3 and Lemma 2.2, N is p-nilpotent. Let N p be the normal p -complement of N . Then N p ¢ G. If N p = 1, then, by Lemma 2.2, G/N p satisfies the hypotheses of the corollary. Hence G/N p is p-nilpotent by the induction on |G|, and so G is p-nilpotent. Suppose that
Theorem 3.6. Let G be a group which has no section isomorphic to A 4 or Q 8 and let P be a Sylow p-subgroup of G, where p is the smallest prime divisor of |G|. Suppose that N G (P ) is p-nilpotent and there exists a positive integer m with 1 < p m < |P | such that all subgroups H of P with order p m are W -S-permutable in G, then G is p-nilpotent.
Proof. Suppose that theorem is false and let G be a counterexample of minimal order. Then 3) H is p-nilpotent for every subgroup H of G such that P ≤ H < G. By Lemma 2.2(1), every subgroup of P with order p m is W -S-permutable in H. Obviously, N H (P ) is p-nilpotent and H has no section isomorphic to A 4 or Q 8 . Consequently, H is p-nilpotent by the choice of G.
Since P ≤ N G (J(P )) and P ≤ C G (Z(P )), N G (J(P )) and C G (Z(P )) are pnilpotent by (3) . It follows from Glauberman-Thompson Theorem [8] 
In view of Feit-Thompson Theorem on groups of odd order, G is solvable.
By Lemma 2.2(2), every subgroup of P/N with order p m /|N | is W -S-permutable in G/N . Clearly, N G/N (P/N ) = N G (P )/N and G/N has no section isomorphic to A 4 or Q 8 . Consequently G/N is p-nilpotent by the choice of G.
m and H ¢ P . By the hypotheses, there exists a subgroup K of G such that G = HK and H ∩ K is nearly S-permutable in G. Since H ≤ Φ(G), G = HK = K and so H is nearly S-permutable in G. Therefore, for every prime divisor q of the order of G with q = p, there exists some Sylow q-subgroup Q of G such that Q ≤ N G (H). Since H ¢ P , H ¢ G. By (5) and Burnside's Theorem [10, IV,Satz 2.6], H is non-cyclic. Now take a subgroup L of Φ(G) of order
As above, H 2 is nearly S-permutable in G. Hence, for every prime factor q of the order of G with q = p, there exists some Sylow q-subgroup
α for some integer α. It follows from [18, Appendix C, Theorem 6.3] that H ≤ Z ∞ (G), and so G contains a cyclic normal subgroup T of order p. By (2), (5) and Burnside's Theorem [10, IV,Satz 2.6], we have G is p-nilpotent, a contradiction.
is not maximal in P . Since G is solvable by (4), G contains a normal maximal subgroup of M such that |G/M | = r, where r is a prime divisor of the order of G.
, which is impossible by (1) . If r = p, then P ≤ M , and so M is p-nilpotent by (3) . The same contradiction is obtained. So we have (7) . (2), (5) and Burnside's Theorem [10, IV,Satz 2.6], G is p-nilpotent, which contradicts the choice of G. Hence Φ(G) is non-cyclic. Now let T /Φ(G) be any subgroup of O p (G)/Φ(G) with order p. Since Φ(G) is non-cyclic, T is non-cyclic. So T has a maximal subgroup F with F = Φ(G). Then we have T = F Φ(G). By the hypotheses, there exists a subgroup K of G such that G = KF and K∩F is nearly S-permutable in G. [10, VI, Hilfssatz 6.3 ] . By (7),
Take a subgroup H of N such that |H| = p m and H ¢ P . By the hypotheses, there exists a subgroup K of G such that G = HK and H ∩ K is nearly S-permutable in G. Since N is abelian, N ∩ K ¢ G. By the minimality of N , we have
This implies that H is nearly S-permutable in G. Then, for every prime factor q of |G| with q = p, there exists some Sylow q-subgroup Q of G such that Q ≤ N G (H). Since H ¢ P , H ¢ G, which contradicts the minimality of N .
(10) If H 1 and H 2 are two distinct minimal normal p-subgroups of G, then
In view of (6) and (8), we have Φ(G) = 1. Thus G contains a maximal subgroup M such that G = M H 1 and M ∩ H 1 = 1. Obviously, P ∩ M is a Sylow p-subgroup of M and let G = G/H 1 , P = P/H 1 . Then N G (P ) = N G (P ) is p-nilpotent and so N M (P ∩ M ) is p-nilpotent. By Lemma 2.2(1), every subgroup of P ∩ M with order p m is W -S-permutable in M . Furthermore, M has no section isomorphic to A 4 or Q 8 . It follows that M is p-nilpotent by the minimality of G, and so G/H 1 M is p-nilpotent. As above, we also have G/H 2 is p-nilpotent.
is not a minimal normal subgroup of G. In view of (6) and (8), we have Φ(G) = 1. By Lemma 2.5, we may assume that N 1 and N 2 are two distinct minimal normal subgroups of G contained in O p (G). By (10) , if |N 1 | < p m and |N 2 | < p m , then G/N 1 and G/N 2 are p-nilpotent by (5) , and so G is p-nilpotent, a contradiction. Therefore we may assume that
The final contradiction. By (11) , O p (G) is a minimal normal subgroup of G. Then |O p (G)| ≤ p m by (9) . In view of (7), |P | ≤ p m+1 , which contradicts (2). The proof is complete.
Remark 3.7. In Theorem 3.6, the assumption that G has no section isomorphic to A 4 or Q 8 is necessary, for example, let x= 0 1 1 1 , y= 2 0 2 1 , z= 1 0 1 1 be three generators of G = GL(2, 3) and x, y, z satisfies the following relation:
x 8 = y 2 = z 3 = 1, y −1 xy = x 3 , z −1 x 2 z = xy, z −1 xyz = xyx 2 , y −1 zy = z 2 .
Then P = x, y is a Sylow 2-subgroup of G and G = x 2 , xy is a quaternion group of order 8. We see that P = N G (P ) and SL(2, 3)/Z(G ) A 4 . Obviously, all subgroups of P with order 2 are W -S-permutable in G. However, G is not 2-nilpotent.
Theorem 3.8. Let F be a saturated formation containing U and let E be a normal subgroup of a group G such that G/E ∈ F. Suppose that all maximal subgroups of Sylow subgroups of E are W -S-permutable in G, then G ∈ F.
Proof. Suppose that the theorem is false and let G be a counterexample of minimal order. By Lemma 2.2 and Theorem 3.3, E is a Sylow tower group of supersolvable type. Let Q be a Sylow q-subgroup of E, where q is the largest prime divisor of the order of E. Then we have Q ¢ G. Let N be a minimal normal subgroup of G contained in Q. In view of Lemma 2.2, the theorem holds for G/N . By the choice of G, G/N ∈ F. Since F is a saturated formation, N Φ(G) and N = Q is the unique minimal normal subgroup of G. Hence there is a maximal subgroup M of G such that G = N M and N ∩ M = 1. Let M q be a Sylow q-subgroup of M . Then G q = N M q . Pick a maximal subgroup L of G q such that M q ⊆ L. Then Q ∩ L = Q 1 is a maximal subgroup of Q. By the hypotheses, there exists a subgroup T of G such that G = T Q 1 and T ∩ Q 1 is nearly S-permutable in G. On the other hand, N = N ∩ G = N ∩ T Q 1 = (N ∩ T )Q 1 . We have N ∩ T ¢ G since N is abelian. In view of the minimality of N , N ∩ T = T and N ⊆ T . Consequently, G = T and T ∩ Q 1 = Q 1 is W -S-permutable in G. Then, for every prime p of the order of G with q = p, the normalizer N G (Q 1 ) contains some Sylow p-subgroup P of G. Consequently, Q 1 ¢ G. We have Q 1 = 1 by the minimality of N and so N is cyclic. By Lemma 2.8, G ∈ F, which contradicts the choice of G. The proof of the theorem is complete.
Theorem 3.9. Let F be a saturated formation containing U and let E be a solvable normal subgroup of a group G such that G/E ∈ F. Suppose that all maximal subgroups of Sylow subgroups of F (E) are W -S-permutable in G, then G ∈ F.
